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Abstract This letter obtains a typhoon-like vortex solution by solving the Bragg-Hawthorne
equation. The solution describes spiral paths of ﬂuid material element on the Bernoulli surface,
whereas some new exact solutions are obtained which are bounded in the whole region. The ﬁrst
one is a continued umbrella vortex solution, which is a typhoon-like vortex. The second one is a
multi-planar solution, which is periodic in z-coordinate. Within each layer, there is an umbrella
vortex solution similar to the ﬁrst one. The above explicit solutions can be applied to the study of
radial structure of typhoon. Both the solutions and the approaches used in the present work can
also be applied to other complex ﬂows. c© 2011 The Chinese Society of Theoretical and Applied
Mechanics. [doi:10.1063/2.1104203]
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Typhoon (tropic cyclone) is a typical vortex in nat-
ural ﬂows. Its 3D (three-dimensional) structure remains
mysterious as we are lack of observation data, espe-
cially for its vertical structure. In the numerical sim-
ulations, some 2D (two-dimensional) classical vortices,
e.g., Rankine vortex, are usually employed, such as Bo-
gus typhoons. And they are also applied to theoretical
investigations.1–3
Within 3D ﬂow context, the Euler equations can
be simpliﬁed to the Bragg-Hawthorne equation, or the
Long-Squire equation.2,4,5 In general, such equation
is nonlinear, only the simple linear Bragg-Hawthorne
equation can be solved explicitly.4
In this letter, we solved the linear Bragg-Hawthorne
equation, following the approach of Ref. 5. And some
explicit solutions were obtained for further typhoon in-
vestigations.
We consider steady solution of the incompressible
Euler equations for axisymmetric ﬂow in the present
study. It is convenient to use a cylindrical coordinate
system (r, θ, z) with velocity components (Vr, Vθ, Vz),
and axisymmetric stream function Ψ(r, z). Thus the
governing Bragg-Hawthorne equation is4,5
Ψzz + Ψrr − 1
r
Ψr = r
2G(Ψ) + F (Ψ). (1)
Here both F and G are linear functions of Ψ , although
F and G could be nonlinear in general.4,5 We tried to
ﬁnd solutions of the linear Bragg-Hawthorne equation
by separation of variables Ψ(r, z) = R(r)H(z). One
such solution can be written as
Vr =
R(r)
r
H ′(z), Vθ = λ
R(r)
r
H(z),
Vz = −R
′(r)
r
H(z), (2)
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which presents the ﬁrst derivative and λ is a real con-
stant. A solution of Eq. (1) is
R(r) = ar2e−
1
8γr
2
, H(z) = ekz or H(z) = cos(kz),
(3)
where a, k and γ are real constants. Thus, Eq. (3)
gives exact solutions for the ﬂow velocity. And other
new solutions can also be obtained by combining diﬀer-
ent solutions in diﬀerent regions, as did in the Rankine
vortex.
For velocity, substitution of Eq. (3) into Eq. (2)
gives the solution. Next we will give some interesting
solutions to show how the ﬂuid ﬂows in such conditions
H = ekz, γ = λ2 + k2.
In this case, the velocity is
Vr = kre
kz− 18γr2 , (4a)
Vθ = λre
kz− 18γr2 , (4b)
Vz = −2
(
1− 1
8
γr2
)
ekz−
1
8γr
2
. (4c)
The solution is ﬁnite in the whole domain, if we
choose appropriate k > 0 for z < 0 and k < 0 for
z > 0. Circular velocity component Vθ is the same as
that of Taylor vortex for any ﬁxed z, and vertical ve-
locity component Vz changes it direction at r
2
c = 8/γ.
Such vertical velocity distribution is something like that
of the Sullivan vortex.1,6 The paths of ﬂuid material
elements are illuminated in Fig. 1. In the r–θ plane,
the paths are cyclonic logarithmic spirals (Fig. 1(a)) or
anticyclonic logarithmic spirals (Fig. 1(b)) with ln r =
kθ/λ. In z–r plan (Fig. 1(c)), the ﬂuid material el-
ement moves spirally along the surface described by
z = (γr2/8− 2 ln r)/k + const. Figure 1(d) also shows
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Fig. 1. Paths of the ﬂuid material elements for the umbrella vortex.
the path in the 3D space. In the inner region r < rc, the
ﬂow cyclonically ascends from below to above as shown
by upward arrow. In the outer region r > rc, the ﬂow
descends apart from the core. According to the shape
of these paths, we call it umbrella vortex. This new vor-
tex solution is much like typhoon in structure, which we
know quite limited about
H(z) = cos(kz), γ = λ2 − k2.
The velocity solution is
Vr = −k sin(kz)re− 18γr2 , (5a)
Vθ = λ cos(kz)re
− 18γr2 , (5b)
Vz = −2
(
1− 1
8
γr2
)
cos(kz)e−
1
8γr
2
. (5c)
Similar to the above solution, Eq. (5) is ﬁnite in
the whole domain. But the present solution has mul-
tiply layers by noting that the solution is periodic in
z-coordinate. The ﬂuid material elements are restricted
within diﬀerent vertical layers. So we call such ﬂow as
multi-planar ﬂow. In each layer (e.g., −π/2 ≤ kz ≤
π/2), the ﬂow has a similar behavior like that exhibited
in Eq. (4), except that there are both inﬂow (kz > 0)
and outﬂow (kz < 0) in the present solution. Similar
ﬂow paths of ﬂuid elements can be found in Fig. 1. An-
other notable property of the multi-planar solution is
that there might be numberless solutions for a bound-
ary condition given at z-axis. So the solution of the 3D
Euler equations for a given boundary condition might
not be unique.
A typhoon-like vortex solution was obtained for 3D
incompressible ﬂow. The solution describes spiral paths
of ﬂuid material elements on the Bernoulli surface. The
explicit umbrella vortex and multi-plane vortex solu-
tion, which are newly found in this investigation, might
be used to describe the 3D structure of typhoons and
mesoscale eddies in the geophysical ﬂow. The solutions
also imply that the spiral structure may well be an in-
trinsic structure of natural ﬂows.
As some new exact solutions are ﬁnite in the whole
region, they can be adopted to study the radial struc-
ture of typhoons and mesoscale eddies in the geophysi-
cal ﬂows. According to Eq. (2), the angular momentum
m = rVθ = −λR(r)H(z), thus it can be used to dis-
cuss the angular momentum of the vortex. For typhoon
observations, such solutions can be used to ﬁt real veloc-
ity distributions along the radial coordinate. This may
also be useful for classifying the typhoon according to
the ﬂow structures provided by the above solutions.
The method used in the present work is very
straightforwarded, and it could also be applied to other
complex ﬂows, e.g., the geophysical ﬂows in a rotating
frame (f -plane).
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